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Abstract 

The Dedekind eta functions plays important role in different branches 
of Mathematics and Theoretical Physics. One way to construct Dedekind 
Eta function to use the explicit formula (Kroncker limit formula) for the 
regularized determinants of the Laplacian of the flat metric acting of (0,1) 
forms on elliptic curves. The holomorphic part of the regularized determi- 
nant is the Dedekind eta functions. In this paper we generalized the above 
approach to the case of K3 surfaces. We give an explicit formula of the 
regularized determinants of the Laplacians of Calabi Yau metrics on K3 
Surfaces, following suggestions by R. Borcherds. The holomorphic part of 
the regularized determinants will be the higher dimensional analogue of 
Dedekind Eta function. 

We give explicit formulas for the number of non singular rational curves 
with a fixed volume with respect to a Hodge metric in the case of K3 sur- 
faces with Picard group unimodular even lattice by using the holomorphic 
part exp$3 i: ig of the regularized determinants det A( 0j i). 

We gave the combinatorial interpretation of the restriction of the au- 
tomorphic form exp$3,ig on the moduli of K3 surfaces with unimodular 
Picard lattices in the A and B models. The results obtained in this paper 
are related to some results of Bershadsky, Cecotti, Ouguri and Vafa. See 
0. 
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1 Introduction 



The Dedekind eta function 

oo 

r?(r)=g 1 / 24 n(l-? n ) = 

n=l 

where q = e 2mT plays a very important role in different branches of mathe- 
matics. It is closely related to the study of the moduli of elliptic curves. One 
way to construct Dedekind Eta function in case of elliptic curves is to use the 
explicit formula for the regularized determinants of the Laplacian of the flat 
metric acting of (0,1) forms. See [6]. The holomorphic part of the regularized 
determinant is the Dedekind eta functions. 

In this paper we generalized the above approach to the case of K3 surfaces. 
We give an explicit formula of the regularized determinants of the Laplacians 
of Calabi Yau metrics on the moduli space of Calabi-Yau metrics on the K3 
surface, following suggestions by R. Borchcrds. The holomorphic part of the 
regularized determinants will be the higher dimensional analogue of Dedekind 
Eta function. 

Next we will review the moduli theory of K3 surfaces. It was A. Weil who 
outline the main problems in the study of the moduli of K3 surfaces. See [25] . 
The first main result in the study of moduli of K3 surfaces is due to Shafarevich 
and Piatetski-Shapiro. See [25 . They proved the global Torelli Theorem for 
polarized algebraic K3 surfaces. Combining the Theorem of Shafarevich and 
Piatetski Shapiro with the description of the mapping class group of K3 surface 
one obtain that the moduli space VJlk3,n of polarized algebraic K3 surfaced with 
a polarization class e such that (e, e) = 2n > is a Zariski open set in 

r+ 3 „\SO(2, 19)/SO(2) x §©(19), 

where r^~- 3 is an index two subgroup in the group of the automorphisms 
0\ n (Z) of the lattice H 2 (M,Z) which is isomorphic to 

Aif 3 ,„ := -2nZ © U 2 eE 8 (-l) © E 8 (-l). 

In [S7J it was proved that every point of SO(3, 19) /SO(2) xSO(l, 19) corresponds 
to a marked K3 surface. Based on this result in [22] it was proved that the moduli 
space of Ricci flat metrics on K3 surfaces with a fixed volume is isomorphic to 



Mke ■■= T + \ (SO (3, 19)/§©(3) x §©(19) - V 



KE) 



where T + is a subgroup of index 2 in the group of automorphisms of the group 
of the automorphisms of the Euclidean lattice Ak3 = U 3 0Eg(— 1) © Eg(— 1), 
where 

'0 1 



1 ' 1 

is the hyperbolic lattice and Eg(— 1) is the standard lattice and T>ke is the 
subspace whose points correspond to Ricci flat metrics on orbifolds. Donaldson 
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proved in [T2] that the mapping class group T of a K3 surface is a subgroup of 
index 2 in the group of the automorphisms of the Euclidean lattice Ak3- 

Mirror Symmetry is based on the observation that there are two different 
models A and B in string theory which define one and the same partition func- 
tion. The A model is related to the deformation of the Kahler-Einstein metrics. 
The B-model is related to the deformations of complex structures. To study 
mirror symmetric on K3 surfaces we need to define a B-field on a K3 surfaces. 
It is a class of cohomology u>x(l, 1) € H 1 ' 1 (X, C) of type (1, 1) on a K3 surface 
X such that 

J Imuj A Imw > 0. 
X 

The moduli space of marked K3 surfaces with a B-field is isomorphic to (54,20 : = 
SO (4,20)/§©(4) x §0(20). Aspinwall and Morrison proved that the moduli 
space of Super Conformal Field Theories with supersymmetry (4,4) is described 
by r^fj^o, where is a subgroup of index two in C(A^3)- It is well known 
that f)4,20 parametrizes the four-dimensional oriented subspaces in R 4,20 on 
which the bilinear form is strictly positive. See PQ. To a pair (X,uix(l, 1)) of a 
marked K3 surface with a B-field wx(l, 1) we assign a oriented four dimensional 
subspace i?x,u x (M) m 

h*(x,z) <g> m = (h°(x,z) e ij 2 (x,z) e h a (x,z)) ® r 

on which the bilinear form defined by the cup product is positive. We will 
assume that (iJ°(X,Z) © iJ 4 (X,Z)) = U and the B-field w x (M) we will be 
identified with 

(1, - i (u x (l, 1) A WJC (1, 1))) e H°(X,Z) © H 2 (X,Z) © H 4 {X,Z). (1) 

From now on we will consider the B-field 1) as defined by ([!]) . The four 

dimensional subspace i?x,w x (i,i) contains the two dimensional subspace E^ 
spanned by Rea>x and Imwx, where lox is the holomorphic two form on X 
defined up to a constant and the two dimensional subspace E ux ni^ spanned 
by ReuJx(l, 1) and Imw x (l, 1), where w x (l, 1) is defined by (fT]). E^ will the 
orthogonal to -B Wx( i,i) in E x ^ x(1A) . 

Mirror Symmetry is pretty well understood in the case of K3 surfaces. See 
PP, [13] and [2H]- The mirror symmetry is exchanging E^ with ^^(i.i)- Special 
case of mirror symmetry of algebraic K3 surfaces was studied in details in [13] . 

In this paper we will consider the moduli space of K3 surfaces with f?-fields. 
We prove the existence of an automorphic form exp ($4,20) which vanishes on 
the totally geodesic subspaces that are orthogonal to —2 vectors form following 

US- 

The regularized determinants of the Laplacian of Ricci flat metrics det(A^£;) 
acting on (0, 1) forms will be a function on on the moduli space of Einstein metric 

Mke = 0+ K3 \SO Q (3, 19)/SO(3) x SO (19). 
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R. Borcherds suggested that one can compute the determinants of the Laplacians 
of Ricci flat metrics explicitly by using the method of the theta lifts. See [TTj . In 
this paper we will give an explicit expression of the regularized determinants of 
the Laplacians of CY metrics det as a function on the moduli space of Einstein 
metrics 9JIke- 

The restriction of exp ($4,20) on the moduli space of elliptic K3 surfaces with 
a section 

M M :=r eU \t) 2A0 
vanishes on the discriminant locus 

D e/i c m eU c r+\f) 4 .20 

which is defined by the points orthogonal to —2 vectors. The mirror Y of the 
elliptic K3 X with the section has Picard groupPic(y) = Dffi © E(-l). 

exp ($4,20) restricted on a line tL in the Kahler cone K(Y) spanned by the 
imaginary part I of a Hodge metric, has a Fourier expansion. The Fourier 
coefficients a n of 

in front of fz^fez^^ are positive integers and they count the number of rational 
curves of fix volume. 

In the study of moduli of elliptic curves the Dedekind eta function 

n=l 

where q — e 27rlT plays a very important role. We will point out the three main 
properties of r\. 

1 . It is well known fact that j] 24 is a automorphic form which vanishes at the 
cusp. In fact •q 2A is the discriminant of the elliptic curve. 

2. The Kronecker limit formula gives the explicit relations between the reg- 
ularized determinant of the flat metric on the elliptic and 77. 

3. The Fourier expansion of log r](it) are positive integers which give the 
number of elliptic curve that that are covering of the elliptic curve E T of 
degree n. 

By using the results obtained in [5] we prove the analogues of the above 
properties of the Dedekind eta functions in case of K3 surface for the restriction 
of the function exp ($3,19) on the moduli space of K3 surfaces with a unimod- 
ular Picard lattice. Thus we establish that exp($3 ig) is the analogue of the 
Dedekind eta function for K3 surfaces. 

We also give the combinatorial interpretation of the restriction of the func- 
tion exp ($3,19) on the moduli space of K3 surfaces with a unimodular Picard 
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lattice in the A-model and for the first time in the B-model. In the B-model the 
holomorphic part of the regularized deteriminant of CY metric counts invariant 
vanishing calibrated 2— cycles related to finite mondromy operators with a given 
volume when Imuy has integer periods. By invariant vanishing cycles we mean 
vanishing invariant cycles under the monodromy that appeared in a families 
7r : X — > D over the unit disk such that 7r _1 (0) = X has singularities. 

We hope that the combinatorial properties of the holomorphic part of the 
regularized determinant of CY metric for CY threefolds also holds in the B- 
model. It counts the number of invariant calibrated invaraint 3— cycles of infinite 
monodromy. 

There are some relations of this paper with the papers [5] and [ID] . 
1.1 Acknowledgements 

The author want to acknowledge the help and suggestions of Greg Zuckerman. 
He proposed to study the behavior of the regularized determinants on the moduli 
space of K3 surfaces fibred by elliptic curves with sections. 

Special thanks to Jay Jorgenson for his help and comments. I am grateful 
to him for introducing me to the ideas of regularized determinants. 

I want to thank Jun Li for his interest in this paper and help. Special thanks 
to the Center of Mathematical Sciences of Zhe Jiang University and National 
Center for Theoretical Sciences, Mathematical Division, National Tsing Hua 
University for the financial support during the preparation of the paper. 

2 Symmetric Spaces J) M := SO (p, q) /SO(p)xSO(q) 

2.1 Global Flat Coordinates on the Symmetric Space \) pq 

We will need some basic facts about the symmetric space 

\) p , q :=§O (p,q)/S®(p) xSO(<z). 
The following Theorem is standard. 

Theorem 1 Let W },q be ap+q dimensional real vector space with a metric with 
signature (p,q). There is a one to one correspondence between points r in rj p , 9 
and all oriented p— dimensional E T subspaces in R p,g on which the intersection 
form on W ,q is strictly positive. 

Theorem 2 Let K P:<? be ap + q dimensional real vector space with a metric 
with signature (p,q). Let E TQ be a p— dimensional subspace in W' q such the 
restriction of the quadratic form on E To is strictly positive. Let e\, ...e p be an 
orthonormal basis of E Ta . Let e p+ \, e p+q be orthogonal vectors to E To such 
that {ei,ej) = —5ij for p + 1 < i,j < p + q. Let E T be any p— dimensional 
subspace in R p ' 9 such that the restriction of the quadratic form in E T is strictly 
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positive. Then there exists a basis {<?i(t), ...,g p (r)} in E T such that 

p+q 
i=p+l 

Proof: Let 

p p+q 

j=x j=p+i 

be an orthonormal basis of E T where 1 < i < p and 1 < j < p + q . Let 

be the p x p matrix f/4j whose elements are defined by the expression ([3|) . 

Lemma 3 det(Ay(jii)) 7^ 0. 

Proof: Suppose that det(Ay(/i)) = 0. This implies that rk(Aij(n)) < p. 
Thus the rows vectors of the matrix Aij(ji) are linearly independent. So we can 
find constants ai for i = 1, q such that at least one of them is non zero and 




0. (4) 



Let us consider the vector 



9(t) = ^a % g t . (5) 

i=l 

Combining ^ and ([5]) we obtain that 

p+q 

g{r) = ^3 e i- ( 6 ) 



j=p+i 

© implies that 

p+q 

(g(r),g(r))=-2 £ \ N \ 2 < 0. (7) 

i=p+i 

The definition of the vectors <?i(r) and ([5]) imply that g(r) is a non zero vector 
in E T . Since on E T the restriction of the metric is strictly positive we get 

(g(r),g(T)) >0. 

Thus we get a contradiction with ([7]) . Lemma [3] is proved. ■. 
Theorem [2] follows directly from Lemma [3l ■. 

Corollary 4 There is one to one correspondence between the set of all p x q 
matrices (t?) for 1 < i < p and p + 1 < j < p + q such that the vectors gi(r) 
for i = 1, ...,p defined by (0) spanned a p— dimensional subspace E T in M. p ' q on 
which the restriction of the quadratic form (u, v) is strictly positive and the set 
of points in fj3,i9. Thus (rf) define global coordinates on f^ig. 
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2.2 Decomposition of f) p (3 

The following two fact are well known: 

Theorem 5 We have the following decomposition o/f)2,p = R 1,p_1 +\/— Tf)i, p -i. 

Proof: It is a well known fact that f)i lP -i is one of the component V + of 
the cone V := {v e R 1 ' p - 1 \ (v,v) > 0} . Let us consider R 2 <?> = M 1 ^ 1 R 1 * 1 . 
Let us consider the map: 

: R 1 '^ 1 + \/^Thi ; p_i -» P ((r 1 ^ -1 e R 1 ' 1 ) ® c) 

defined as follows 

. ( (w, w) \ 
V : w = (w;i,...,Wp) -> I wi,...,w p , — ,1 I . 

It is easy to check that in P (R 2 < p <g> C) we have 



(*0),*H) = & (ty(w),V(w)) > 0. 

Thus the image of R 1,p_1 + \/— lhi lP _i under the map ^ will be f)2, P , since 
()2, P in P (R 2 ' p ® C) is given by one of the components of the open set in the 
quadratic (w,w) = defined by (w,w) > 0. It is very easy to prove that \t is 
one to one map. ■ 

Theorem 6 Suppose that p > 3, and q > 2. Then we have the following decom- 
position f) Pi9 = f) p _i j9 _i x M^ -1 ' 9-1 x R + , where R + is the set of real positive 
numbers. 

Proof: Let us consider in the space R p ' q two vectors e p + q -\ and e p+q such 
that 

( e p+q, e p+q) = ( e p+q-i, e p+q-i) = and (e p+9 _ 1 , e p+q ) = 1. 

Clearly the orthogonal complement to the subspace {e p + q , e p + q } will be isomet- 
ric to R p_1 ' 9_1 . Let us consider a basis {ei, e p +i} of W- q , where ei, e p + q -2 
is a basis of RP- 1 '^ 1 . 

There is one to one correspondence between the points r € f) p>9 and the 
oriented p— dimensional subspaces E T in W' q on which the bilinear form is 
strictly positive. The intersection E T n R p_1,9_1 will be (p — 1) —dimensional 
subspace in R p_1 ^ _1 on which the bilinear form is strictly positive. Let f\ be a 
vector in M. p ' q orthogonal to R p_1 ^ _1 DE T . It is easy to see that the coordinates 
of /i can be normalized in such a way that its coordinates in W' q are such that 

/l = (Ml) ■■■> fJ-p+q-2, 1, A), 

where fj, = (fii, ...,/U p + 9 _2) is any vector in R p_1,9_1 and A > and A > (/i,ju) . 
Thus the correspondence E T — > (/i,£V n R p ~ 1,9_1 ) establishes the decomposi- 
tion (??) . ■ 
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2.3 Definition of the Standard Metric on f} p 

Since f) M C Grass(p,p + q) then the tangent space T T0 u at a point To G f) Pj( j 
can be identified with Hon 
can be written in the form 



can be identified with Horn (E T0 , E^ ) ■ Thus any tangent vector A € T TQ f !p q 



A = EE T/(e*® ej ), (8) 

i—lj—p+1 

where e\ for i = 1, g is an orthonormal basis of i? ro and for j = p+ 1, f>+ 
q is an orthonormal basis of E^r Q . Then we define the metric on T Tai f, — 
Horn (E Tn , E£) for A € T TaAp q = Horn (E To , E±) given by 

||A 2 || =Tr (Ax A') -^|r/| 2 , (9) 
where rj are defined by (J5J) . We will call this metric the Bergman metric on 

^3,19- 

Lemma 7 The Bergman metric ds 2 B is invariant metric on f) Pi9 . It is given in 
the flat coordinate system (rj) by 

ds%= J2 (dr]) 2 + 0(2). (10) 

1<3<3, l<i<19 

Proof: The proof of Lemma [7] follows directly from the definition of the 
Bergman metric. ■ 



3 Discriminants in $) p ^ 

3.1 Definition and Basic Properties of the Discriminant 

From now on we will consider the symmetric spaces rj Pi9 for which p — q = 
0mod8. In this paper A p q will be unimodular even lattice of signature (p = 
q + 8k, q). We have the following description all A Pi9 : 

Theorem 8 Suppose that A Pi9 the unimodular even lattice of signature (p, q) 
for p — q = mod 8. Then 

A p , q « U ® . . . U © E 8 (-l)@ . . .®E 8 (-1) . 

p=q+8k q 

Definition 9 Define the set A p 9 (e) := {5 6 A p q \ (5, S) = —2}. Let us define by 
Op.q the group of the automorphisms of the lattice A p q . Let O pq be the subgroup 
of Op,q which preserve the orientation of the positive subspaces of dimension p 
in A Pi g (g) K. Then O pq has index two in Ptq . 
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Definition 10 We know that § pq can be realized as an open set in the Grass- 
manian Grass(p,p + q). Let us denote by f) Pjl? _i(<5) the set of all p— dimensional 
subspaces in the orthogonal complement of the vector 5 in A p ^ q ® R. We will 
define the discriminant locus £>p,9 in Op q \f) Pt q as follows: 

This definition is motivated by the definition of the discriminant locus in the 
moduli of algebraic K3 surfaces. 

3.2 The Irreducibility of the Discriminant 

Theorem 11 The discriminant locus T> Ptq is an irreducible real analytic sub- 
space in Op q \t) p ^ q , where A p g is an even unimodular lattice. 

Proof: The proof of Theorem [11] will follow if we prove that on the set of 
vectors Aa p q the group 0\ acts transitively. Thus they form one orbit and 
therefore the discriminant locus T> Ptq in 0£ q \t) p ^ q is an irreducible divisor. 

The proof that on the set of vectors Aa p q the group 0\ acts transitively 
will be based on ideas used in [8J to prove the irreducibility of the discriminant 
locus in the moduli space of Enriques surfaces. 

We will proceed by induction on p to prove that the action of 0\ on the 
set Aa is transitive. For p = the Theorem [TT] is obvious. Suppose that 
Theorem [Til is true for p > 0. We will denote by L the lattice 

U0...0U0E 8 (-1)0...0E 8 (-1) 



and by M the lattice M = L © U. 

The plan of the proof is the following. We will denote by Rq and R\ the set 
of norm —2 vectors of M which have inter product respectively or 1 with the 
vector 

e = (If, 0,1) € LffiO=M. 

Let Ti be the group generated by reflections of elements of the set R\ and T 2 be 
the group generated by reflections of elements of R URi and —id. We will show 
first that any —2 vector of M is conjugate to an element of the set i?o U R\. 
Then we will show that the group 0\ ;1 (7L) interchange the sets Rq and R\. 

Lemma 12 Any norm —2 vector 6 of M is conjugate to an element of RqU Ri 
under the group T±. 

Proof: The proof of Lemma [12] is based on the following Propositions [T3l 
and[H] 

Proposition 13 Suppose that v ^ M C M <g> Q. Suppose that x is some real 
number. Then there exists a vector ft 6 M such that 

!(/■«— ~v ,~f2 — v) — x\ < 1. 
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Proof: The proof of Proposition [T3l follows the proof of Lemma 2.1 given 
in [8] . Since l?^McM<g>Qwe can find a primitive isotropic vector p such 
that (~p, v) is not an integer. This is because primitive isotropic vectors span 
L. As the group Oj,f(2) acts transitively on norm vectors we can assume that 



(0,0,1) e ue...eu©Eg(-i)e 



58(-i)eu 



Then ~u = ( A , a, 6) with a not an integer. We will find some ~jt of the form ft 

— ( , to, n) with integers m and n such that for x we have 

|( n — T?,~j2 — — x\ = | ( v , v ) — 2(a — to) (6 — n) — x\ < 1. 

Since a is not an integer we can find some integer to such that \a — m| < 1. 
Whenever we add 1 to n, the expression 2(a — m)(b — n) is changed by a non 
zero number less than 2, so we can choose some integer n such that 2(a— m)(b— n) 
is at a distance of less then 1 from any given number x — ( v , v ) . This proves 
Proposition [13] ■ 

Proposition 14 Suppose that R\ is the set of norm —2 vectors of M having 
inner product 1 with 

e= ("0,0,1) e M = L8U. 

Suppose that Ti is the subgroup of Om(%>) generated by reflections of vectors of 
Ri and the automorphism —id. Then any vector r € M is conjugate under Ti 
to a vector of the form ( v , m, n) € M such that either m = or S L and 
m > 0. 

Proof: We can assume that r = ( 1? , m, n) has the property that | (r, ~e) \ = 
| to | is minimal among all conjugates of r under Y\, where e = ( ,0,1). If 
to = then we are done. So we can assume that to ^ 0, and wish to prove that 

— e L and m > 0. 

m 

Suppose that ^ L. By Proposition [T^] we can find a vector ~Ji E L satis- 

fying -> -> -> 

v \ / 2n (v , v) s 

TO 



A* 



< 1. 



(11) 



Let <5 = ( 7?, 1) 



It is easy to see that (5, <5) = —2. Let 



T&{~r ) = r =^r + ( r , <$) (5, 

i.e. r' is the reflection of r with respect to the hyperplane of 6 £ R\. Direct 
computations show that 



r , e 



}| = \(TsC?),-?)\ = \{?,T s (lt))\ = (t,S) 5)\ 
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Combining (TTTj) and (TT2")) we deduce that 

2n (v,v) 



A 1 > i« , 

m m / \ m 



< m. (13) 



We have chosen |(r,#)| = m to be minimal. So (fT3")) contradicts |(r ,<S)| = m. 
Proposition Q3] is proved. ■ 

Proof of Lemma [121 Let 6 = ( v , m, n). By Proposition [TJ] we can assume 
that either m = or — G M. If m = then Lemma [T2l is proved. Suppose that 



— G M holds. Then ( — , — ) G 2Z. Thus 



(<5, 5) = -2 = m 2 ( — , — ) + 2mn 
\m m I 

implies that —2 is divisible by 2m. From here we conclude that m = 1. Lemma 
PL3lis proved. ■ 

Let us define the group T3 as the group generated by the automorphisms 
Ol(^) + extended to automorphisms of M by letting them act trivially on U, 
the group of automorphisms taking 

(if, m, n) — > + 2m A , m, n — ^1?, A \ — m / A , A \ 

for A G L, and the group of automorphisms given by reflections of norm —2 
vectors in f?i. 

Lemma 15 The group acts transitively on the set of vectors of norm —2 in 
M. 

Proof: The proof of Lemma IT51 is based on the following Propositions: 

Proposition 16 The group Ol(^) + acts transitively on the set of vectors of 
norm —2 in L. 

Proof: Since by definition 

L = Ue . . . ® U 6E 8 (-1) © ...eEg(-l) ©u 

P-l q 

then Proposition [16] follows from the induction hypothesis. I 

Proposition 17 Let A G L. There exists an element g-^ G Aut (A/) such that 
if 5= (~v,0,k) and S 2 = -2, then g^(S) = 0,0,0). 
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Proof: The conditions S = (if , 0, k) and 5 2 — —2 imply that ( v , v) = —2. 
Thus ~if is a primitive clement in L. Proposition 1 161 implies that there exists an 
element a € Ol(Z) + such that 

cr( ~v) = ~Ji = A - njtf 2 e V CL, 

where (fi, fi) = and (/i,/ 2 ) = 1. 

Next we will construct an element g-g S Aut (M) such that 

^((7*,o,fc)) = (^,o,o). 

We know that (/i, /2) = 1. We can find a primitive clement X E L such that 
1. (~(t,~\^ ^ 0, 2. "A S U(/i,/ 2 )- L , where U(/i,/ 2 ) is the sublattice in M 

spanned by f\ and / 2 and 3. / A , ~if\ = k. Let us consider the transformation 
g-* defined as follows: 



g-^(h) = h, g-^(a)= a - (a, \)f 2 

and 

g^(/i) = A + A - \ - ' / 2 , (14a) 

where "a € M is any element. Direct computations show that g-r* preserve the 
scalar product in M. Thus g-? G Aut(A/). The definition of <7a and since we 

choose A € L such that ( A , if ) = fc then 



<? t ((7?, 0, k)) = (7?, 0, fc) - (jt, t ) / 2 = (If, 0, 0). 
Proposition [17] is proved. ■ 

Proposition 18 Suppose that 5 £ i?o- Tften t/iere exists an element a £ L3 

Proof: Proposition[T7l implies that without loss of generality we may assume 
that S £ L. Let 

"A € L, (s, tWo and (~\ , ~\ \ ^ 0. 

Let us consider 



A, A ) +2 

8 X = I A',1,-- * -i I eLfflU = M. 



Clearly (<$i, <5i) = —2. Then the map T& 1 (5) = 6 + (Si, 5} Si is an element of T3 
and clearly Tg 1 (S) £ Ri. Proposition [18] is proved. ■ 

Lemma [12] Propositions [TBI [T7l and [T8l implied Lemma [T5l ■ 

Lemma [T5l implies directly Theorem I 111 ■ 
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4 Moduli of K3 Surfaces 



4.1 Moduli of Marked, Algebraic and Polarized K3 sur- 
faces 

A K3 surface is a compact, complex two dimensional manifold with the following 
properties: i. There exists a non-zero holomorphic two form u on X without 
zeroes, ii. /^(X,©*) = 0. 

In [5] and [5J, the following topological properties are proved. The surface X 
is simply connected, and the homology group H2 [X, Z) is a torsion free abelian 
group of rank 22. The intersection form (u,v) on H2(X,"L) has the properties: 
1. (u,u) = mod(2). 2. det ((ei,ef)) = — 1. 3. The symmetric form < , > has 
a signature (3, 19). 

Theorem 5 on page 54 of [26] implies that as an Euclidean lattice H2 (X, Z) 
is isomorphic to the K3 lattice Ak3, where Ak3 ■= U 3 © (— Es) 2 . Every K3 
surface is also simply connected. 

Definition 19 Let a = {af\ be a basis of H^s(X,Z) with intersection matrix 
Ak3- The pair (X,a) is called a marked K3 surface. Let 

I e H 1A {X,R) n h 2 (x, z) 

be the Poincare dual class of a hyperplane section, i.e. an ample divisor. The 
triple (X, a, I) is called a marked, polarized K3 surface. The degree of the po- 
larization is an integer 2d such that (1, 1} = 2d > 0. 

Definition 20 The period map tt for marked K3 surfaces (X,a) is defined by 
integrating the holomorphic two form u> along the basis a of H2 (X, Z) , meaning 

7t(X, a) :=(.., / w,...)eP 21 . 

The Riemann bilinear relations hold for n(X, a), meaning 

(Tr(X,a),TT(X,a)) = and (tt(X, a), n(X, a)^ > 0. (15) 
Choose a primitive vector I <= Ak3 such that (I, I) = 2d > 0. Let us denote 
A K 3.j ■■= {v G A K3 \ (l,v) = 0}. 

Then n(X > a ) l) £ P (Ak3 } i (E> C) and it satisfies (fT"5|) . The set of points in 
P (Ak3,i ® C) that satisfy (fT5|) consists of two components isomorphic to the 
symmetric space f)2,i9- In [IS] the following Theorem was proved: 

Theorem 21 The moduli space mpa °f mar ked, polarized, algebraic K3 

surfaces of a fixed degree 2d exists and it is embedded by the period map into 
f)2. 19 is an open everywhere dense subset. Let 

Tif3 : 2d = {</> G Aut + (A K3 )\ ((j)(u),4>(u)) = (u,u) and (f)(1) = I}, 
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where I is a primitive vector such that (1, 1} = 2d > 0. Then the moduli space 
A4k3 P a of polarized, algebraic K3 surfaces of a fixed degree 2d is isomorphic to 
a Zariski open set in the quasi-projective variety TK3,2d\§2,i9- 

By pseudo-polarized algebraic K3 surface we understand a pair (X,Z) where 
I corresponds to either ample divisor or pseudo ample divisor, which means that 
for any effective divisor D in X, we have (D, I) > 0. Mayer proved the linear 
system |3Z| defines a map: 

such that: i. X\ has singularities only double rational points, ii. <j>\n\ is a 
holomorphic birational map. Let us denote by Mjf 3ppa the moduli space of 
pseudo-polarized algebraic K3 surfaces of degree 2d. From the results proved in 
[12], [23], [27] and [25] the following Theorem follows: 

Theorem 22 The moduli space of M. 2 x 3 ppa * s isomorphic to the locally sym- 
metric space rif3 1 2d\f)2,19- 

4.2 Moduli Space of K3 Surfaces with a B-Field 
Definition 23 Let X be a K3 surface. Let w x (l, 1) G H 1 ' 1 (X,C) such that 

J Imw x (l, 1) A hnu>x{l, 1) > 0. 
x 

Then ux(l, 1) will be called a B- field on X. 

Theorem 24 Let (X,ujx (1, 1) ,7i, ■■•,722) be a marked K3 surface with a B- 
field. Then the moduli space 9Jt m .s of marked K3 surfaces with a B-field is 
isomorphic to §O (4, 20) /SO (4) x SO (20) . 

Proof: See Q] or [2S]. ■ 

4.3 Discriminant of Pseudo-Polarized K3 Surfaces 

The complement of Mj^ 3rnpa in f) 2 ,ig can be described as follow. Given a 
polarization class e € A^ 3 , set T e to be the orthogonal complement to e in A^ 3 , 
i.e. T e is the transcendental lattice. Then we have the realization of f)2.i9 as 
one of the components of 

rj 2 ,i9 ~ {u e P(T e ® C)| (u,u) = Qand{u,u) > 0}. 

For each 5 S A(e), define the hyperplane 

H(5) = P(T e ® C)| (it, 8) = 0}. 

Let TtK32d = U (H(S) n f)2 19). Let us define the discriminant 2?J£ := 

<5eA(e) 

r ' kzmXHkzm- Results from P3, [25], [27| and [23] imply that Vjf 3 is the 
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complement of the moduli space of algebraic polarized K3 surfaces pa 
the locally symmetric space T K3,2d\t)K3,2d, l - e - 

= ( r X3,2d\f)if3,2d) - M 2 K 3 pa . 



5 Mirror Symmetry 

5.1 Mirror Symmetry for K3 Surfaces 

Let (X, a, oJxO-t 1)) be a marked K3 surface with a B-field 1)- To define 

the mirror of (X, a, uix (L 1)) we need to fix an unimodular hyperbolic lattice 
U in i?2(X, Z) with generators {70, 71} such that for the holomorphic two form 
a>x we have 

J ujx 7^ and J uix 7^ 0. 

70 71 

Thus we can normalize lux in the following manner 

J lux = 1 and J tux ^ 0. (16) 

70 71 

From now on we will consider the set (X, a, 1), U, u>x)i where a is a mark- 

ing, U is a fixed sublattice in H 2 (X, Z) such that the holomorphic two form 
satisfies (fT6"| . Let I] 1 - be the orthogonal complement of U in H 2 (X, Z) . Let us 
denote by Uo the unimodular hyperbolic sublattice H° (X, Z) © H 4 (X, Z) in the 
cohomology ring H*(X, Z). We will assign to the -B-field wx(l, 1) the vector 

in # 2 (X, Z) 8 Uo = H*(X, Z). 

We will need the following Theorem: 

Theorem 25 Let (X, a, cl>x(L 1),U,Wx), where a is a marking, U is a fixed 
sublattice in H 2 (X, Z) smc/i i/ia£ i/ie holomorphic two form satisfies $16} . Then 
there exists a marked K3 surface (Y, a) wzi/i a B-field toy{l, 1) suc/i i/iai if we 
identify H 2 (Y,'L) with U Uo, i/ien i/ie dass 0/ i/ie cohomology [u>y] of the 
K3 surfaces Y is such that [coy] = (1, 1)6 (U x 9 U ) <g> C and wy(l, 1) = 

[^x]e(ff 2 (y,z)eu)®c. 

Proof: Let us consider u>x(l, 1) € (U 1 - Uo) (8) C =Ak 3 ® C. Then direct 
computations show that we have (wx,wx) = and (ujx,iix) > 0. From the 
epimorphism of the period map for K3 surfaces proved in [57] it follows that 
there exists a marked K3 surface (Y, a) with a holomorphic two form toy such 
that the class of cohomology [toy] is the same as the class of cohomology of 
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Wx(l)l)' Next we will prove that the class of cohomology uox G H 1 ' 1 (Y, C) 
satisfies 

J Iirujx Almt^x = (Imwx,Imwx) > 0. 
Y 

Indeed on X we have 

(cj x ,u x {1,1)) = (u) X ,ux(lA))=0 (17) 

since co x (l, 1) is a form of type (1, 1) and ujx is a form of type (2, 0). On the 
other hand the form 1) with respect to the new complex structure Y on 

X it is a form of type (2,0). So (fTT]) means that on Y ujx is a form of type 
(1, l).On the other hand we have 

J lux A ujx I m UJx ^ Iniwx = 2 (Imwx,Imux) > 0. (18) 

X X 

Thus (fl8)) proves that is a B-field on F. Theorem [25] is proved. ■ 
Now we are ready to define the mirror symmetry: 

Definition 26 We will define the marked surface (Y,a, wy(l, 1),U, toy) con- 
structed in Theorem \25\ will be the mirror of (X, a, u> x (l, l),Uo, wx). 

5.2 Mirror Symmetry and Algebraic K3 Surfaces 

Let us consider the Neron-Severi group 

M = Pic{X) := H 2 (X,Z)nH 1 - 1 (X,R). 

We can characterize in another way NS(X). It is the dual group in H 2 (X,Z) 
of the kernel of the functional: 

(uj x ) :H 2 (X,Z) 

defined by 7 — > J uox- We define the transcendental classes of homologies 

7 

T(X) C H 2 (X, Z) on X as follows: T(X) := ker (wj) 1 . 

Definition 27 We wzZZ saj/ that pairs (X,M) M~marked K3 surface if M is the 
Picard lattice of some algebraic K3 surface together with a primitive imbedding 
of M into H 2 (X, Z). 

The following Theorem was proved in [55] or [T5] 

Theorem 28 The moduli space VJIm of marked pairs (X,M) exists and 971m ~ 
rjw\()2,20-p ! where p = rkM and Tm = {4> € AutA.Kz \<t> M = id} . 
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Suppose that we consider M such that U can be embedded into M 1 - . Ac- 
cording to a Theorem of Nikulin this is always possible if rkM = p > 9. The 
construction of mirror symmetry for M marked K3 surfaces (X, a, M, U, ux), 
where U C M 1 - was described in [58] and [13] as follows; Let (X, a, M,U, wx) 
be an algebraic polarized K3 surface. Then Theorem [55] implies the following 
Corollary: 

Corollary 29 Let (X, a, M, U, u>x) be M-marked K3 surface such that U C 
Tx and the B-field satisfies u>xO-, l)|u x cTx = 0- T/ien t/ie mirror 

(Y, JVfi,U, cJy(l, l),Wy) satisfies the following conditions: i. Pic(Y) — Mi — 
V 1 - c T x . ii. Ty = M © U » Pic(X) © U. 

Proof: Corollary [551 follows directly from Theorem 1551 ■ 

Remark 30 Some interesting examples and applications of Corollary \29\ were 
discussed in U3f . 

5.3 The Mirror Map for Marked M-K3 

Part of the mirror conjecture states that the 

Definition 31 Let X be a K3 surface. We will define the Kahler cone of K(X) 
of X as follows: 

K(X) := {oj € H 1 ' 1 (X,R) \u> = Im ff , and g is a Kahler metric on X} . 

We will need the characterization of the Kahler cone that is given bellow. 
Denote by 

A(X) := {6 € NS(X)\ (8, 6) = -2} . 
We will need the following Lemma from [25] : 

Lemma 32 Let S € A(X). Then S or —6 can be realized as an effective curve 
on X. 

We will denote by 

A + (X) := {S G A(X)\S can be realized as an effective cure} . 

Let us denote by V := {v € H 11 (X, M) | (v,v) > 0} . Since the restriction of 
the bilinear form on if 1,1 (X, M) has a signature (1, 19), then V will consists of 
two components. Let us denote by V + the component of V which contains a 
Kahler class. 

Each S e A + (A) generates a reflection ss of V + , where s$(v) = v + (v, 5) 5. 
Let us denote by T(A) the subgroup of Ak3 generated by ss- In [27] the 
following Theorem was proved: 

Theorem 33 The Kahler cone K(X) coincides with the fundamental domain 
of the group T(A) in V + which contains a Kahler class. 
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Proof: See [37]. ■ 

Remark 34 According to Theorem \28\ ^01kz,m = ^m\^)2,20-p * s the moduli 
space of M -marked K3 surfaces. Suppose that U C Tx is fixed and Mi C Tx 
is the orthogonal complement of U in M. Let (Y, Mi) be some Mi marked 
K3 surface defined by the primitive embedding Mi C Tx C A^3- Let \)m x = 
Mi ® R + iK(Y), where K(Y) is the Kdhler cone of Y. Then according to 
Theorem\^yHKz.M S± Tm^Mi- Thus we have a complex analytic covering map: 

4>M ■ f)Mi — > 9#ff3,M = r M \f)M!- 

TTie map ^7/ which is multivalued is called the mirror map. It identifies in the 
case described in this Remark the moduli space of M -marked K3 surfaces with 
the complexified Kdhler cone of the its mirror. 

6 Automorphic Forms on r\f) P) g, Theta Lifts and 
Regularized Determinants of CY metrics on 
K3 Surfaces 

6.1 General Facts about Regularized Determinants 

Definition 35 Let M be a compact C°° manifold. Let g be a Rimannian metric 
on M. Let 

A giq = do d* + d* o d 

be the Laplacian associated with the metric g acting on the space of C°° infinity 
q— forms C°° (M,Q q M ) . It is a well known fact that the spectrum of A gq is non 
negative, i.e. < Ai < ...Xk < ...and 

lim ^| = c> 0, (19) 

where n = dirriRM. We define the zeta function C, q (s) of A g q as follows: 

Then implies that Cq( s ) * s a we ^ defined function for s G C, where Res 
large enough. One can prove that C 9 (s) has a meromorphic continuation in C 
and Cg(0) is well defined. Then we define the regularized determinant of A g 9 
as follows: det A ffj9 = exp (— Cq(0)) • 

In [6] the following Theorem was proved: 

Theorem 36 Let M be a CY manifold with a polarization class L € H 2 (M, Z)n 
H ' (M, R). Let detA( 01 ) be the regularized determinant of the Laplacian cor- 
responding to the Calabi Yau metric corresponding to the polarization class L 
and acting on the space of (0,1) forms. Then dd c log det A( ,i) = — Im W.P.. 
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6.2 Special Automorphic Form of Weight -2 on r\f) M 

In this paper the group T will be the group of automorphisms of A^ 3 which 
preserve the spinor norm, i.e. T = 0~^ k3 (Z) is a subgroup of index 2 in the 
group of automorphism 0\ K3 (Z) of the lattice A^- 3 . Donaldson proved in [T2] 
that the mapping class group of a K3 surface is isomorphic to T. 

We will define the one cocycle ^(7, r) of the group T with coefficients the 
non singular 3x3 matrices with coefficients functions on f)3,ig. Let an element 
7 6 T be represented by a (22 x 22) matrix (~fk,i)- We proved that any point 
t G (53,19 can be represented by the 3 x 22 matrix r = (E3, nj), where E3 is the 
identity 3x3 matrix. The action of 7 = (7/u) G T on f) 3i i 9 is described as follow: 

7 (r) = (E 3 ,t u ) x ( 7fc)I )) = (m(7,"t),ct 7 ^(t)), (20) 

where ^(7, r) is 3 x 3 matrix defined by the first three columns of the matrix 
(|20|) and 07,^ (r) is some 3 x 19 matrix. Theorem [2] implies that the 3x3 matrix 
/i(7,r) has rank 3, i.e. det(^(7,r)) 0. It is easy to see that we have: 

m(7i72,t) = M(7i! T ) x m(72,7i( t ))- 

Definition 37 Let ^(r) &e a function on (53,19 suc/i i/iai i£ satisfies the following 
functional equation: 

$(t 7 ) = (det/i(7, r)) fe $(T). 
XTien we wiiZ call ^(t) an automorphic form of weight k. 

Definition 38 Let us recall that according to Theorem [H to each point t = 
(rj) G ()3,19, 1 < J < 3 and 1 < i < 19 we assigned the row vectors gi of the 
matrix (Ea,Tj). We will define the function g(r) on (13,19 as follows 

g(r) :=det({ 9i (r) ,<& (r)> ). 

Theorem 39 The function g(r) defined in Definition [2H is an automorphic 
form of weight —2. 

Proof: We need to compute 

ff (( 7 (r)) = det((( M ( 7 ,r))- 1 x 7i (r)), (Mt.t))" 1 x 7j (t)))) =?, 

where 7 i(r) is the i th row of the (3 x 22) matrix (rj) x 7. Theorem [2] and the 
expression of the matrix /i(7, t) given by (120p imply 

5 (( 7 (t)) = dct(^(/i(7,r)) _1 x 7 J (T)),(/i(7,r)) _1 x 7 j(t)))) = 

(det( A1 (7,r)))- 2 det(( 5l (r), ffj (r))) =det( M ( 7 ,r))- 2 x 5 (r). 
Thus we get g( 7 (r)) = det(/x( 7 , t))~ 2 <7(t). So Theorem [39] is proved. ■ 
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6.3 Theta Lifst and Automorphic Form with a Zero Set 
Supported by the Discriminant Locus on r\f)3 t ig 

Suppose that A Pj9 is a unomodular even lattice. We will define the Siegel kernel 
0A Pi ,(r) as follows: 

e A P » : = E cxp(27rV^T(Pr B T A,Pr Et X) P -(Pt e ±X,Pt B xA)p), 

where -E T is a p— dimensional real vector subspace in A p g ®M on which the 
quadratic form is positive definite, E^r is the q— dimensional vector subspace in 
Ap. g eg) K orthogonal to £V, Pr Et A is the orthogonal projection of A on £ T , Pr 
E ±X is the orthogonal projection of A on E^and p = x + iy, y > 0. 
The following result follows directly from the results proved in 

Theorem 40 Let A Pi g &e an even unimodular lattice of signature (p, q). Then 
there exists a non zero automorphic form exp ($a p , ( T )) such that the zero set 
of exp (3> Ap q (t)J coincide with the discriminant 

?V,c0+ p , g \W 

Moreover let A pij9l 6e an even unimodular sublattice in A Pi9 suc/i i/ia£ p — q = 
P\ — q\. Then 

exp(<f Ap >)) o+^zju,^ =e X p($ Api , gi (r)). (21) 

Proof: Let us consider the regularized integral as described in [11] or in [20] 

a S(p) dp A dp 



$a p ,„(t) = /" e Ap ,(T)y^ 
H 



A(p) y 



2 



where TL is the fundamental domain of the group P§L,2(Z), p = x + iy,y>0 



EM 

A(p) 

order one at oo. Thus we have 
E(p) _ 1 



and is a meromorphic automorphic form of weight q — p with a pole of 



a + ai exp (27T%/^T / 9) + ... (22) 



A(p) exp (27Tv/^Tp) 



It was proved in [IT] and in [50] that (|2"2"]l implies that exp ('I'Ap , (t)) will vanish 
on the discriminant of 0*(A Pj9 )\[)p j9 . 

The relation (l2"Tj) follows from the condition p — g = p\ — q\ —8k and the 
definition of <I>a p q ( T )- Theorem |40| is proved. ■ 

We will consider the case of K3 surfaces. We know that A&3 = A^^g. We 
will study the relations between the non zero automorphic form exp (&a K3 (t)) 
and the regularized determinants. 

Theorem 41 Ab&a K3 (t, <t) = 0, where A E is the Laplacian of the Bergman 
metric on A^3 = Aa^ig. 
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Proof: Any choice of an embedding of the hyperbolic lattice U cA/f3 de- 
fines a totally geodesic subspace b 2 ,i8 into f)3,ig- This follows from Theorem [6l 
According to the construction of the automorphic form exp ($a 2 18 (t)) given 
in [TT] it follows that is a holomorphic function on f)2,is- Thus we have 

A_B$A e „ = 0. All the embeddings f)2,is C f)3,ig corresponding to primitive 
embeddings U CA^3 form an everywhere dense subset of totally geodesic sub- 
amnifolds in f)3 : ig. Since f)2,i8 is a totally geodesic subspace in f)3,i9 we get that 

As ($a K3 |fc, lt ) = As$ Aei! . 

Thus the restriction of the Bergman Laplacian applied to on ^a^ is zero on an 
everywhere dense subset in f)3,ig. Thus the continuous function Ab$a K3 is zero 
on everywhere dense subset in ^3,19. From here we deduce that Ab$a K3 = 0. 
Theorem |4"T1 is proved. ■ 

6.4 The Analogue of the Kronecker Limit Formula for the 
Regularized Determinants on K3 Surfaces 

Theorem 42 The function log j ct ((g Ct (^) J ^ E ( r ))) * s a harmonic function on the 
moduli space VJIke of Einstein metrics of the K3 surface with respect to the 
Laplacian corresponding to the Bergman metric. 

Proof: The proof of Theorem [42] is based on the following Lemmas: 

Lemma 43 Let tq G f) 3 .i9. Then there exists L £ Ak3 <8> R and totally geodesic 
subspace f)2.i9 passing through To £ f)3,i9 such its points correspond to polarized 
marked KS surfaces with class of polarization L. 

Proof: We know that each point t = (rj) € f)3,i9 corresponds to a three 
dimensional subspace E T C A^ 3 ®R on which the cup product is strictly pos- 
itive. Let L £ E T be a non zero vector. Then (L, L) > 0. Let us consider the 
following set: 

t) L :={E(Z A K3 ®R\L e E, dim c E = 3 & ( , )\ E > 0} . 

It is easy to see that there is one to one correspondence between the two dimen- 
sional oriented positive subspaces in the orthogonal complement L ± = R 2,19 
and Thus we get that 

f)i = f)2,i9 = §©o(2, 19)/SO(2) x SO(19). 

Lemma 01] is proved. ■ 

Let us choose an orthonormal basis e±, e-i and 63 = L of the three dimensional 
subspace E Ta €t)L- Lemma l43l and Corollary [4] imply that the three dimensional 
subspaces E T that correspond r € f)z, = f)2,i9 C f)3,ig are spanned by the 
orthonormal vectors: 

19 19 

9i(t) = ei + yViej, 32(1") = e 2 + and 33 (t) = L = e 3 . (23) 

»=i i=i 
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Lemma 44 The subspace given by the equations rj = for i = 1, 19, where 
Tj are coordinates defined by <\2Sty is the totally geodesic subspace in \)l = fj2.i9 
in f)3,i9- 

Proof: The proof follows directly from (|2"3"|) . ■ 

We know that ()2,i9 is a complex manifold of dimension 19. The complex 
coordinates on f)2,ig arc defined as follows: p 1 = t{ + \J — \t\, 1 < i < 19. From 
the epimorphism of the period map we know that tq corresponds to a K3 surface 
X To and the class of cohomology of the complex two form ui To := e% + \/— Te 2 £ 
Ak3 <E> C can be identified with the class of cohomology of the holomorphic two 
form w To (2,0) on a marked K3 surface X TQ such that the vector = L can be 
identified with the class of cohomology of the imaginary part of a Kahler metric 
on X To . The subspace in Ak3 <£> K spanned by e^, ...,e22 can be identified with 
the primitive class of cohomology of type (1, 1), i.e. with H ' (X To ,M) = E^ o . 
See [27]. 

Definition 45 We will define the Weil-Petersson metric on the totally geodesic 
subspace f)2,i9 o,s the restriction of the metric on f)3,i9 defined by @ . 

Lemma 46 Let tq E t)3,ig. Let \)l = F)2.i9 be the totally geodesic subspace 
passing through r € f)3,ig and defined by the L € E Ta as in Lemma Let 
gi{r) be vectors defined by (fJ3j) . Then the function 

logdet((.g 4 (r), 5j (T))) |^ 2 19 

is a potential of the Weil-Petersson metric on f)2,i9- 

Proof: The 2x2 matrix ((<7i(r), gj(r)}) \§ 3 ia is symmetric. Since 

(ffi(o),a-(o)) = J« 

it can be represented as follows: 

«ffi(T),5i(r)))| 6aiM = J 2 + (/iy(r)). 

Then we have: 

2 

logdet(( 5i (r), ft (r)))| 62 , 19 = ]T log(l + A*(r)), (24) 
where Ai (t) are the eigen values of the matrix (/kj ("?")) . Thus we get 

2 

^Ai(r)=/iii(r)+/ l22 (T). (25) 
»=i 

From the definition of the matrix ((^(r), gj(r))) |f, 2 19 we get that 

22 22 

ftu = E ( T i) 2 and h ^ = E ( r 2) 2 ■ ( 2fi ) 

i=4 i=4 
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Combining |J22J , ([23 and {25]) we get that 

22 

4 



Iogdet({ft(r), a -(r)))| 6>tl9 = if>*| 2 + 0(3). (27) 
Thus we get from ([27]) that 

/ — T 22 

dd c logdet((.g l (T), ft (r)))|^ 2 , 19 = X_^p 4 A 9^ + 0(2). (28) 



2 

i=4 



From (|28|) we conclude the proof of Lemma [ 



Lemma 47 Let Ab be the Laplacian of the Bergman metric on 1)3, 19. Then the 
restriction of the function 

, det (Ajf B ) 

log- 



det (fair), gj (r))) 

on eac/i totally geodesic subspace f)2,i9 C f)3,ig is harmonic function with respect 
of the Laplacian of the Weil-Petersson metric. 

Proof: Combining Theorem [3(5] with Lemma 01] we deduce Lemma [17] ■ 
It is an obvious fact that the set of three dimensional positive subspaces in 
Ak3 <8> K which contain a vector in £g) Q form an everywhere dense subset 
m t)3,i9- From here it follows that we can find an everywhere dense subset of 
totally geodesic subsets f)2,i9 in f)3,i9 on which the continuous function 

A B (log det A KE - log det ((# (r) , g t (r)) ) ) 

is zero. Therefore it is zero on 1)3,19. Theorem 14^1 is proved. ■ 

Theorem 48 The following formula holds for the regularized determinant of 
the Laplacian of the Einstein metrics 

det(A KE )(r) =det«0 4 (T),ff J (T)» x |exp ($ Aa . 3 (r))| 2 . 

Proof: According to Theorem [42] the function 

log det A KE - log det ( (g { (r) , g i (r)) ) 

is a harmonic function with respect to the Laplacian of the Bergman metric on 
f)3 ig. Let us consider the function: 

detA^B 

4>{t) 



det {(g t (T),g 3 (t))) 



on 1)3,19. According to Theorem [39] the function det ((gi(r), gj(r))) is an auto- 
morphic form of weight —2. Therefore the function <j> is an automorphic function 
of weight 2. In [17] we proved that det Ake is a bounded non negative function. 
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Therefore the only zeroes of det Ake can be located on the discriminant locus 
S)j(-£. We know that |exp ($a K3 (t))| is an automorphic function with a zero set 
on the discriminant locus 'Dke- Since 'Dke is an irreducible in VIRke, by taking 
suitable powers of <f> and |exp ($Ak- 3 ( r ))| j we may assume that the function 

|exp(* Aj „(r))r =lf> 



is a non zero function such A#log^ = 0. Thus we get a harmonic non zero 
function on VJIke- 

Lemma 49 ip\fjz e u = const. 
Proof: Since 

\ det ((s;(t), ft (r))) / 



we can conclude that 



det(A KjB )(T) 



det((ft(r),ft(r))) 

where ?y is a holomorphic automorphic form defined up to a character x S 
r e ;z /[re;z,r e ii] and with a zero set © e M- Since D e u is an irreducible divisor, we 
can conclude that rj — exp (3>A eii ( T )) • Thus since 

exp ($ Ak3 (r)) |<m ei! = exp ($ Ae!1 (t)) , 

we get that -0 | jm =ti = conct. Since any two 97l e ^ ; i and dJl e ii,2 intersect. So the 
continuous function tp is a constant on an everywhere dense subset in 9JIke- 
Thus V> is a constant. Lemma l49l is proved. ■ 
Lemma FPU imply Theorem 05] ■ 



7 Harvey-Moore-Borcherds Products and Count- 
ing Problems in A and B Models 

7.1 Counting Problems on K3 

Theorem 50 Let X be an algebraic K3 surface such that Pic(X) is an uni- 
modular lattice. Then we have either NS(X) = UffiE8(— 1) or NS(X) — 
U Es(— l)©Es(— 1). Let I € NS(X) be the polarization class. Let us consider 
the components V^ nr and V^ n of the positive cones in (U © Eg(— 1)) ® R and in 
(U © Eg(— l)©Eg(— 1) £g> M. which contain the polarization vector I. Let us con- 
sider the discriminant automorphic forms exp (<I> e „ r (r)) and exp (<I> e n (t)) on 
(U©E 8 (-1)) (g)IR©V^Ty+ nr and on ((U © E 8 (-l)) <8 R) ©\/ r TV e + . T/ien i/ie 
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restriction of the functions exp (<I> e „ r (r)) and exp (<J> e ;; (r)) on £/ie fees \/— lit 
are periodic. The Fourier expansions 

d e~ nt 

J t ($Enr W^llt)) = -E a «T3^ 

n 

and 

a _ , p -™t 

- ($ eH (V=T/t)) = -E & «t^i (M) 

/lave integer coefficients a n and b n . a n and b n are equal to the number of non sin- 
gular rational curves of degree n on a K3 surface X with NS(X) = U ® E 8 (— 1) 
or NS(X) = U © E 8 (-1)©E 8 (-1). 

Proof: Let us fix a bases {%} and {ej} of 

OeEg(-l) and U® E 8 (-1)©E 8 (-1) 

respectively. Then we fix the flat coordinates {t 1 ,...^ 10 } and {t 1 ,...^ 18 } in 
the symmetric spaces f)2,io and f) 2 ,i8 respectfully represented as tube domains 
since we have 

f) 2 ,io = (U © E 8 (-l)) ® R + iV + C (U © E 8 (-l)) O C 

and 

f)2,i8 = (U © E 8 (-1)©E 8 (-1)) ® IR + iV + c (U ® E 8 (-1)©E 8 (-1)) ® C, 

where y + is one of the components of the positive cone in (U ffi E 8 (— 1)) ® K or 
(U©E 8 (-1)©E 8 (-1))®E. 

We will denote by (5, r) the following expressions: 

10 18 

(6, r> = ]T 7.) r* and (6, r) = £ (<5, e 4 ) r\ 
i=i i=i 

Then Harvey-Moore-Borcherds product formula states that there exist auto- 
morphic forms on r 2! io\f)2,io or on r\rj2,i8 which can be represented for some 
large Im t 1 as the following products. 

exp (<$> E nr (t)) = exp(2™ (r, w) \\ 1 - exp 2tt^ (5, ji) t 1 

6eA+ nr V V i=i / / 

and 

exp ($ dJ (r)) = cxp(2 7 r J (r, w) J] { 1 - exp UwiJ^ (<*, £*> ^ J ) • (30) 

«eA+ V \ i=i // 
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It was proved that exp ($£ nr (r)) and exp ($ e ;; (r)) have an analytic continua- 
tion in f)2,io and f)2.is and the zeroes remain the same. Substituting 



10 18 



^^7iT l — ilt and J^eiT 1 = Ht 



in (|30|) we get 



exp($ Bnr (r)) = exp(27ri (r, w) J][ (1 - exp (-27T (5, Z) *)) 

and 

exp($ e;i (r)) =exp(27ri(T,w) (1 - exp (-2tt(<5, I)*)) . (31) 

Let us split the irreducible non singular on disjoint finite sets A n , where A n = 
{5 6 A + | (5, I) = n) . Suppose that #A„ = a n in the case of Asnr and #A n = 
b n in the case A e u. We can rewrite (|3"Tj) as follows 

exp($ Blir (t)) = exp(2?n (r,tu) J| (1 - exp (-2tt (5, Z) f)) = 



<5eA 



+ 



exp(27ri (r, to) JJ { JJ (1 - exp (-27m*)) j = 

n=l \5eA„ / 

exp(27ni (r, to) ((1 - exp (-2imt)) an ) . (32) 



n=l 

In the same way we will get that 



exp (Q e u (t)) = exp(27ri (r, to) 

J] (1 - exp (-2tt <£,/)*)) 



exp(27ri (r, it) 

) II (t 1 ~ exp (-27T7it)) b ") . (33) 



n=l 



From (021) and (J33J) we derive ([55]) and thus Theorem 1501 



7.2 A and B Models 

Remark 51 In the A model the automorphic function exp ($349 (r)) which is 
the holomorphic part of the regularized determinant when restricted on the line 
Ml in the Kdhler cone of a K3 surface with Pic(X) unimodular lattice counts 
rational curves with a given volume according to Theorem \5(A 

We will consider the B model of M— marked K3 surfaces where M is an 
unimodular lattice and M = PiciY). The moduli space of Pic(Y)— marked K3 
surfaces %Jlpic(Y)i where Pic{Y) is a unimodular lattice can be represented as 
a tube domain M. k + iV + modulo action of an arithmetic group Tpi C (Y)- Now 
we will study the combinatorial properties of the restriction of the automorphic 
function exp ($4,20 ( T )) on ^Pic(Y)- 
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Definition 52 Let Y is a K3 surface. Let g is a Calabi-Yau metric on Y. Let 
7 G H2 {Y, Z) . We will call 7 a calibrated cycle if the restriction of a Re coy + 
pimLOy on 7 is the volume form of the restriction of the CY metric on 7. 

Theorem 53 Suppose that Y is a K3 surface such that Imuy £ H 2 (Y,1) D 
iJ M (Y,R). Let g be a CY metric on Y. Then any 8 G T(Y) := PidY) 1 - C 
if 2 (Y,Z) such that (5,6) = —2 can be realized as calibrated cycle. Then the 
restriction of the automorphic function exp ($3,19 (r)) on the line RImwy C 
M. k + iV + C Pic(Y) C is a periodic function such that the coefficients a n in 
front of ]^*xp7-irii) are ^ n ^ e 9 er suc h that a n is equal to calibrated cycles 8 such 
that vol(5) = n. 

Proof: We will prove the following Lemma: 

Lemma 54 The 2-cycle 8 G T(Y) = Pic^Y) 1 - C H 2 (Y,Z) on the K3 surface 
Y such that (8,5) = —2, and (<J,Imwy) > can be realized as calibrated cycle. 

Proof: We know that Imwy G H 2 '°(Y, C) H°> 2 (Y, C) C T(Y) <g) M. Let us 
choose a CY metric g on Y such that 

(Im<7,(5) = and (Imp, wy) = 0. 

Let us consider isometric deformation of Y with respect to the CY metric g. 
From the properties of the isometric deformation of CY metrics on K3 surfaces 
studied in [27] we can change the complex structure on Y in such a way that 
1. (aReujy + (3lmuiY,8) > for some real numbers a and [3, 2. the vector 
7 Re loy + M I m in the three dimensional subspace in H 2 (Y, R) spanned by 
Rewy, Imuy and Img perpendicular to aRewy + fSImuy is such that 

(7 Re u>y + M I m w f 5 8) 

and 3. Img and a He loy + /3Imcjy will be realized as the imaginary part of 
a CY metric with respect to the new complex structure on Y. It is easy to sec 
that the Poincare dual class of cohomology of 8 can be realized as a form of type 
(1,1) with respect to the new isometric complex structure on Y. Thus as it was 
proved in [25] 5 can be realized as a rational non singular curve on the new K3 
surface. Then the volume form of the restriction of CY metric with imaginary 
part a Re wy + /3 Im toy on the rational curve with class of homology 8 will be 
Imuy. Lemma [Ml is proved. ■ 

Lemma 55 The restriction of the automorphic function exp ($3.19 (t)) on the 
line RImwy C R k +iV + C Pic(Y) ® C is a periodic function such that the coef- 
ficients a n in front of i^cxp(-lnt) are integer such that a n is equal to calibrated 
cycles 8 such that vol(S) = n. 

Proof: The proof of Lemma [55] is exactly the same as the proof of Theorem 
[50l ■ Theorem [53] is proved. ■ 
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Remark 56 Theorem \53\ can be reformulated as follows: It is a well known fact 
that the S £ such that (5, 5) = — 2 can be realized as vanishing invariant 

cycles with a monodromy group r$(v) = v + (v,8) 5 for any v £ Akz- This means 
that there exists a family of K3 surfaces ir : X — > D such that Xq = 7r _1 (0) has 
an isolated singularity of type A n ,D n or Eq, E-j and E$ and the monodromy 
operator acting on H2(X t ,1) by the reflection r$ described above. Thus in the 
B-model the partition function count invariant calibrated vanishing cycle with a 
given volume when we choose the complex structure such on the K3 surface with 
unimodular Picard group such that Im ujy £ H2 (X t , Z) . 

Conjecture 57 The analogue of Theorem \ 53\ holds for the B-model of CY three- 
folds, i. e. the partition function counts invariant vanishing calibrated cycles in 
the B-model when the monodromy operator is of infinite order. 

8 The Canonical Class of the Moduli Space of 
Polarized Algebraic K3 

8.1 The Projection Formula 

Theorem 58 Let I £ Aa'3 be a primitive vector such that (1,1) = 2n > 0. Let 
(I) be the sublattice in A/f3 orthogonal to 11. Then we have(l) ~ 11* © U 2 © 
(—Eg) , where I* is a primitive vector in A^3 such that (I*, I*) = —In < 0. 

Proof: According to [25] the subgroup 0\ K3 of index two that preserve the 
spinor norm acts transitively on the primitive vectors with a fixed positive self 
intersection. Let us fix U in A^ with a basis eo and e\ such that (e^, e.^) = and 
(ei, e-i) = 1. Then / = e\+ne2 € U is a primitive vector such that (I, I) = 2n > 0. 
Let I* = e\ — ne2 <E U. Clearly I* is a primitive vector such that (I, /*) = and 
(I*, I*) = - (I, I) = -2n. Then we have 

{I) 1 - ~ZZ*©UffiU©E 8 (-l)©E 8 (-l). (34) 
Theorem [58] is proved. ■ 

Notation 59 Let A K3 . n := 11* © U 2 © {~E S ) 2 where (I*, I*) = ~2n. Let 
{ei, &2, fi, fi, gi and 52} be a basis of U © U © U in \3J$ such that (ei,ei) = 
(fi,fi) = (gi,9i) = and (e l ,e 2 ) = (fi, fs) = {91,92) = 1. 

Theorem 60 The orthogonal projection of the discriminant 2)3,19 on pa 
is D n , where D n is the divisor in pa defined by the hyperplanes in f) 2 , n 

orhogonal to I* and all vectors S € A n such that (5, 5) = —2. 

Proof: The proof of Theorem [601 follows directly from the following Lemma: 

Lemma 61 Let 5 € A^3 be such that (S, S) = —2. Suppose that 6 ^ A^-3.„. Then 
there exists an automorphism a of the lattice Ak3„ such that Pry <r(8) = I*. 
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Proof: The proof of Lemma IBTl is based on the following Propositions: 

Proposition 62 Let A^- 3 = KJ © L and let e\ and e 2 be the isotropic generators 
of U. Let I = ei + ^62 G U anc? n > 0. Suppose that (5,8) — —2. TTien i/iere 
exists an element a €T n such that in the representation 

a(8) = mei + n 2 e 2 + n a {5) , /V(<5) 

satisfies 

(Pr v (a(5)),Pr v (^(5))) <0^(^ (s) ,^ (s) )>0. (35) 

Proof: Let 5 = m\e\ + m 2 e 2 + /J-s- Let us consider 

5i = k Sl l* + ust e A^3 : n, = -2. (36) 

Then ust e (l*) 1 - = L = U©U©E(-1)©E(-1). Since (I*, I*) < 0, and 
(8±,8i) = —2 then (fis 1 ,ns 1 ) > 0. Let us consider the reflection map 

a(5)=r Sl (5) = 5+(5,5 1 )5 1 , 

where v £ Ajf3,n- Let us compute the projection Pr u(o~(5)) of <t(i5) on U spanned 
by ei and e 2 . Direct computations show that 

Pru(2n<5) = 2nm\ei + 2nm 2 e 2 — nm\ (I + 1*) + m 2 (I — I*) — 

(nmi + m 2 ) I + (nmi — m 2 ) I*. (37) 
Direct computations show that 

Pr v (2na(5)) = 

(nmi + W2) Z — 2n (fc^ (5, 5i) + (nmi — m. 2 )) Z*. 
Suppose that nmi — rn 2 7^ 0. So 

(Pr v (2na(5)),Pr v (2na(5))) = 

{nmi + m 2 f (I, I) + (2n (k Sl (5, 5 X ) + (nmi - m 2 ))f (1* ,1*) = 

n (nmi + m 2 ) 2 — n (2n (kg 1 (8, 81) + (nmi — m 2 ))) 2 . (38) 
We can choose Si such that \ks ± \ is big enough. Thus (f3"B"|) will imply (f3"S")) 

(Pr v (2na(S)),Pr v (2na(S))) = 

n (nmi + m2) 2 — n (2n (ks 1 (8, 81) + (nmi — ni2))) 2 < 0. 
Suppose that nmi — m2 = 0. Then (|37[) implies 

8 = (min + m 2 ) I + us- 
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Thus Pru(<5) = (mm + 77i 2 ) I- Let us choose Si = kg 1 l*+ns 1 , such that (Si, Si) — 
—2, and (S,Si) ^ 0. Let us compute 

r 5t (2nS) = 2nS + 2n (5, Si) Si = (mm + m 2 )l + (S, Si) (k Sl l* + M«J • (39) 

Thus flUI implies that 

(Pi v (2nrs 1 (S)),Pi v {2nr Bl {6))) = 
((min + m 2 ) /, (min + m 2 ) /) + ((5, Si) kgj*, (S, Si) kgj*) — 
{mm + m 2 f (I, I) + ((S, Si) k Sl f (I*, I*) = 

(mm + m 2 ) 2 n — n ((<5, Si) fc^J 2 . (40) 
If we choose Si such that (S, Si) ^ and \ks 1 | big is enough then (|4"0")) implies 

(Pr v (r 5l (S)),Pr v (2nr Sl (S))) = 
(mm + m 2 ) 2 n — n((S, Si) ks 1 ) 2 < 0. 
Proposition [55] is proved. ■ 

Proposition 63 Let T n be the generated by the reflections 

r$ : v — > (v, S) S 

for 

(SeZTffiUeUffi E 8 (-l) ® Es(-l). 
Let <5 m i n G {r n <$} &e suc/i i/ia£ 

(/«5 mta ,M<wJ = min, (aM<5),M<x(<5)) > 0. (41) 

{<tGG„} 

TTien ({J-Smiv, Vs mitt ) = 0. 

Proof: Let 5 m i n = pei + qe 2 + /i<5 min - Then acoording to (??) we have 

Pru (2nS min )) = (pn + q)l + (pn - q) P, (42) 
where I — ei + ne 2 and I* = ei — ne 2 . So (|41[) implies 

(Pru (2n5 miD j) ,Pru (2n<5 min ))) < 

which is equivalent to 

(pn + qf - (pn - qf < 0. (43) 

Let us choose 

(S, S) = -2 and S = k s l* + fi s . (44) 

Let us consider rs(S m - ln ) = S mul + (S,S m i a ) S. Direct computaions using (|4"4"| and 
((55)) show that 

r s (2nS min ) = (pn + q)l + ((pn - q) + 2nk 5 (S mhu S))l* + (i rSl (6)- (45) 
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Remark 64 Let 5 = kgl*+fis and Si — — k$l* +^5 t satisfy (5,6) — (S\,S\) = —2 
then we can choose fj,g 1 to be such that the sign of (cWn,<5) to be the same as 
that of (<S min A) . 

Proof : Let fi and gi be the generators of U ® U, where (fi , fi) = (gi,gi) =0 
and (/i, f%) = (gi,g%) — 1- Then we can choose 

M5 min =/H r ^ = 91 + 2 92 ' ' ' 

Then it is clear that 

(Smin, S) = (pei + qe 2 , k s (ei + ne 2 )) + (M5 mta > Ma) = 

fc<S? + (M-W^Ms) • 

On the other hand we derive from (|4"6"| 

(^min, <5i) = -fc«g + (Aia min , Ms) = -fog + m. (47) 

It is clear that we can choose m such that the sign of (<5 m i n , 6) to be the same 
as the sign of (<5 m i n , Si) . Remark [M] is proved. ■ 

Thus Remark 1641 implies that we can choose the sign of ks in the expression 
of S such that the sign of ks (S m i n , S) to be the oposite of the sign of (pn — q) . 
So 

((pn -q) + Inks (<5 min , S)f < (pn - qf . (48) 
Thus J43]) and (j48]) imply that 

(Pru (2nr s (5 min )) , Pry (2nr 5 (S mhl ))) = 

4n 2 ((pn + q f - ((pn - q) + 2nk 5 (<5 min , <5)) 2 ) < 0. (49) 
So (gUl) implies that 

{f^rs (^min ),Hr 5 (Smin)) > 0. (50) 

Since 

2nr s (S mhl ) = Pru (2nr 5 {5 min )) + (i rSl (6) 
then dnnj) , © and (gHD show that 

(2n/i min , 2n^ min ) = -8?i 2 + 4n 2 f (pn - qf - (pn + qf^j > 

-8n 2 + 4n 2 (((pn - q) + 2nk s (S mia , S)f - (pn + g) 2 ) = 
( 2ri /»r i (5 min ) ) 2rz/x ri ( 5mto )) > 0. 

So we get that 

(Mroin, Mroin) > {^r s (S lnirl ) , Mr 4 (« min ) ) > 0. (51) 

Thus we get a contradiction with ||M<5mml| 2 > being the minimal value. Propo- 
sition [63] is proved. M Proposition [63l implies Lcmma l611 M Lemma 1611 implies 
Theorem HU] ■ 
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8.2 The Divisor of the Restriction of the Automorphic 
Form on DJIk3,ti 

Let us consider the moduli space 9JlK3,n of pseudo polarized algebraic K3 sur- 
faces with a polarization class I € Ak3, where I is a primitive vector in Ak3 such 
that (/,/) = 2n. Then according to [35] and [H] we have Ttx3, n — r n \f)2,i9> 
where T n := {</> 6 0^J</!>(Z) = /} . According to [37J we can define f)2,i9 as one 
of the open components of the quadric Q C P(Ak3,u <g) C) defined as follows 

Q:={uE P(A K3 ,„ ® C)| = and (tt,u) > 0.} 

Let us define 23„ in 971^3. „ as follows: Let A € A^- 3 n , then 

:= {u G P(A K3 ,„ <8> C)| (u, A) = 0.} 



Then S)„ := r„\£> n . 

Theorem 65 There exists an automorphic form ^lg.n on 9JIk3.u = r„\f)2,i9 
such that the zero set o/^ig^ is 

Proof: According to the results of Harvey, Moore and Borcherds on we 
can find an automorphic form I^a^I on the moduli space of Einstein met- 
rics 0~^ K3 \t)3 t ig such that its zeros are exactly on the discriminant locus of 
Oj^ \f}3,i9- recall that the discriminant locus on Q\ \f)3,i9 is defined as the 
set of three dimensional positive vector subspaces in A^ 3 £g> R perpendicular to 
5 such that (S, S) = —2 modulo the action of the arithmetic group 0\ k . The 
moduli space 9JIk3,u = r„\f)2,i9 can be embedded in 0t 3 \f)3,i9 as the set of 
all three dimensional oriented subspaces in Ak3 <8> R containing the polarization 
vector I modulo the action of 0\ . The restriction of some power of ^a K3 on 
^K3,n will give us an automorphic form 'J'lg^ on 9JlK3,n- Thus we have the 
following obvious fact: 

Remark 66 The zero set of the restriction of $a K3 = exp ($a 3 i9 ( T )) on 
yft-K3,n is the projection of the zero set of^A K3 = exp ($a 3> i 9 (t)) on VJlK3,n- 

Thus we need to compute the projection of the zero set of exp (<J>a 3 ,i 9 ) 
on r + \f)3 ! ig to 371^3 ^ = r„\f)2,ig. Theorem l65l will follow from the following 
Lemma: 

Lemma 67 The zero set of^ig, n on 971^3. „ is 35 n . 



Let 




(52) 
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Proof: Let 6 £ A^- 3 be such that (6,6) = —2. Let Pr^ n (6) £ A^ 3j „ be the 
orthogonal projection of 6 on Ax3, n - If 

Pr ltn (6)=6 (1,5) =0, 

then it implies that the component (f)2,i9 H Hs) in the expres- 

(S,S)=-2 & <5eA K3 ,„ 

sion ([52]) defines the components of D n := T n \D n corresponding to the vectors 
with —2 norm in A^3,n- 

Suppose that 6 £ Ak3, (6,6) = —2 and Pr i, n (6) ^ 6. Theorem |6"01 implies 
that we can find a £ T n such that <j(6) = m\e\ + m2e-2- Thus Pr; >n (<5) = k$l* . 
Then 

7T (ft* n i) 2 ,i9) = tt{h 1 , nM (53) 

where 7r : t)2,i9 — > r„\^2,i9-Thus (fB"3"]) implies Lemma 1571 ■ 
Theorem 1651 is proved. H 

Corollary 68 The zero set of the restriction of the automorphic form ^a K 3 = 
cxp ($a 3 19 (r)j on 9JtA'3,n *s a divisor 3„ := r„\2? n which consists of two 
components ir (Hi* n (32,19) and tt (Hs D (32,19) , where 5 £ = U U 

E 8 (-l) E 8 (-l) and tt : f) 2 ,i9 -> r n \f) 2 ,i9 = W K3 , n . 

Proof: Corollary [SHI follows from Theorem [Til which implies that the divisor 
tt (Hs H [52,19) is an irreducible since we assumed that 6 £ (I*) = V U 
E 8 (-1)0E 8 (-1). The irreduciblity of n (Hi* n f) 2 ,ig) follows from Theorem [BDJ 
■ 

Corollary [68] is generalization of the results obtained in [18], [17] and [19] . 
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